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CHAPTER  I. 

EXERCISES  ON  Loci. 

1.  Construct  the  locus  of  a  point  such  that  the  J_s  from 
it   to   two   intersecting   st.     lines    are   in    the    ratio   of   two 
given  line-segments. 

2.  A  fixed  point  O  is   joined  to  any  point  A  on  a  given 
st.  line  which  does   not   pass    through  O.      P  is  a  point  on 
OA  such  that  the  ratio  of  OP    to    OA    is    constant.      Find 
the  locus  of  P. 

3.  A    fixed    point    O    is    joined    to   any   point    A   on    the 
circumference  of    a  given    circle,    P  is  a  point  on  OA    such 
that  the  ratio  of   OP   to    OA    is    constant.     Find  the  locus 
of  P. 

Find  the  locus  when  P  is  on  AO  produced. 

4.  A  fixed  point  O  is  joined    to  any  point  A  on  a  given 
st.  line  which  does    not    pass    through    O.     P  is  a  point  on 
OA  such  that  the    rect.     OP.OA    is    constant.     Show    that 
the  locus  of  P  is  a  circle. 

Find  the  locus  when  P  is  on  AO  produced. 

5.  Through  a  fixed  point    O    within   an    L    YXZ  draw  a 
line-segment  MON,  terminated    in  the  arms  of    the    L  ,  and 
such  that  the  rect.  OM.ON  has  a  given  area. 

6.  Find  the  locus    of   a    point    such    that  the  sum  of   the 
squares  on  its  distances  from  the  arms  of  a  given  rt.    L    is 
equal  to  the  square  on  a  given  line-segment. 

1 


2  PRACTICAL    AND   THEORETICAL    GEOMETRY. 

7.  The  locus  of  a  point,  such  that  the  sum  of  its  distances 
from  two  given  intersecting  st.  lines  equals  a  given  line- 
segment,  consists  of  the  sides  of  a  rectangle;  and  the  locus 
of  a  point  such  that  the  difference  of  its  distances  from 
the  intersecting  st.  lines  equals  the  line-segment,  consists 
of  the  produced  parts  of  the  sides  of  the  rectangle. 


8.  Given   the   base   of   a    A    and   the   ratio  of   the  other 
two  sides,  find  the  locus  of  the  vertex. 

9.  AB   is   a   fixed   chord   and    AC   a  variable  chord  of  a 
given  circle ;  find  the  locus  of  the  middle  point  of  BC. 

10.  Find   the   locus    of   the   points   from    which    tangents 
drawn  to  two  concentric  circles  are   J_   to  each  other. 

11.  Construct   the   locus   of    the    centre   of   the   circle   of 
given  radius  which  intercepts  a  chord  of  fixed  length  on  a 
given  st.  line. 

12.  Find  the  locus  of  the  centre  of  a  circle  of  radius  a 
which  cuts  a  given  circle  at  an  L  A. 

13.  A   circle  rotates   about   a    fixed   point   in  its  circum- 
ference.    Show    that    the    locus    of    the    points    of    contact 
of   tangents    drawn    ||    to    a    fixed    st.    line    consists    of    the 
circumferences  of  two  circles. 

14.  In  /^  ABC,  two  circles  touch  AB  at  B  and  AC  at 
C    respectively   and   touch   each   other.     Find   the   locus   of 
their  point  of  contact. 

15.  ^\s    are    described    on    a    given    base    and    having    a 
given  vertical    L  .     Find   the   loci   of   the    middle  points  of 
their  sides. 
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16.  In  a  4-gon  ABCD,  AB  is  fixed  in  position,  AC,  BC 
and  AD  are  given  in,  length  :- 

(a)  Find  the  locus  of  the  middle  point  of  the  other 
diagonal. 

(6)  Find  the  locus  of  the  middle  point  of  the  line- 
segment  joining  the  middle  points  of  the  two. 
diagonals. 

17.  What   is    the    locus    of   the   point    P   when   the   line- 
segment   MN    which   joins    the    feet  of   the    J_    s   PM,   PN 
drawn  to  two  fixed  lines  OX,   OY  is  of  given  length. 

18.  BAG  is  any   chord  passing   through   a   fixed   point  A 
within  a  given  circle  with   centre   E.      Circles  described  on 
BA,   AC   as  chords  touch   the  given   circle  internally  at  B, 
C   respectively  and   cut    each    other   at    D.     Show   that  the 
locus  of  D  is  a  circle  described  on  AE  as  diameter. 

19.  AB,  CD  are  two  chords  of  a  circle,   AB  being  fixed 
in  position  and  CD  of  given  length.     Find   the  loci  of  the 
intersections  of  AD,  BC  and  of  AC,   B.D. 

NOTE  : — Use  Exercises  5  and  6,  §   1 74,  Part  II. 

20.  A    and    B    are    the    centres    of    two    circles    which 
intersect   at   C ;    through   C   a   st.   line  is   drawn   terminated 
in  the  circumferences  at  D  and  E.     DA,  EB  are  produced 
to  meet  at  P.     Find  the  locus  of  P. 

21.  A  transversal  cuts  the  sides  BC,  CA,  AB  of  a  given 
A    ABC    at    D,     E,     F  respectively.      The    circumscribed 
circles  of  the   As   AFE,  CED    cut  again   at  P.     Find  the 
locus  of  P. 

22.  From  C,  any  point  on  the  arc  ACB,  CD  is  drawn    J_ 
AB ;    with  centre   C  and    radius    CD    a    circle  is    described. 
Tangents   from    A    and    B    to    this    circle    are    produced    to 
meet  at  P.     Find  the  locus  of  P. 
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23.  Two  similar  AS  ABC,  AB'C'  have  a   common  vertex 
A,  and  the  A  AB'C'    rotates    in  the   common   plane  about 
the  point  A.     Show  that  the   locus    of   the   point  of  inter- 
section of  CC'  and   BB'   is   the   circumscribed   circle   of   A 
ABC. 

24.  If  a  A  ABC  remains  similar  to  itself  while  it  turns 
in  its   plane   about   the   fixed   vertex   A  and  the  vertex  B 
describes  the  circumference  of  a  circle,  find  the  locus  of  C. 

25.  OX,  OY  are  two  fixed  st.  lines  and  from  them  equal 
successive  segments  are  cut  off;  AC,  CE,  etc.  on  OX;  BD, 
DF,  etc.  on  OY.     Show  that  the  middle  points  of  AB,  CD, 
EF,  etc.  lie  on  a  st.  line  ||  to  the   bisector  of  the  L  XOY. 

26.  AB  is   the   diameter   of  a  given   circle,  E  the  centre 
and    C   any   point   on  the    circumference.     Produce   BC    to 
D    making    CD  =  BC.      Find    the    locus    of    the    point   of 
intersection  of  AC  and  ED. 

27.  A    rectangle   inscribed   in   a   given  A  ABC   has  one 
of  its  sides  on   BC.      Show   that  the  locus  of  the  point  of 
intersection  of  its  diagonals  is  the   line  joining  the  middle 
point  of  BC  to  the  middle  point  of  the   J_  from  A  to  BC. 

28.  Any  secant  ABD  is  drawn  from  a  given  point  A  to 
cut  a  given  circle  at  B  and  D.     Through  A,  B  and   A,  D 
respectively    two    circles    are    drawn    to    touch    the    given 
circle ;   find    the  locus  of  their  second  point  of  intersection. 

29.  Any  chord  BAG  is  drawn    through   a   fixed  point  A 
within  a  circle.      On    BC   as   hypotenuse  a  rt.    L  d  A  BPC 
is   described    such   that   A   is    the   projection   of  P  on  BC. 
Find  the  locus  of  P. 

30.  Any  circle  is  drawn  through  the  vertex  of  a  given  L  . 
Find  the  loci  of  the  ends  of  that  diameter  which  is  ||  to  the 
line  joining   the    points    where   the   circle    cuts  the  arms  of 

the    L 
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31.  Through  C,    a    point    of    intersection    of    two    given 
circles,  a  st.  line  ACB  is  drawn    terminated  in  the  circum- 
ferences at  A  and  B.     Find  the  locus  of   the  middle  point 
of  AB. 

32.  From  a  fixed  point  P,  two   st.    lines   PA,  PB,  at  rt. 
L  s  to  each  other,  are  drawn   to   cut   the   circumference  of 
a  fixed  circle  at  A  and  B.     Find  the   locus  of   the   middle 
point  of  AB. 

33.  A   llgm   is   inscribed   in    a   given    4-gon    ABCD    with 
sides  ||  AC  and  BD.     The  locus  of  the  point  of  intersection 
of    the    diagonals    of    the    ||gm    is    the    st.    line    joining    the 
middle  points  of  the  diagonals  of  the  4-gon. 


MAXIMA  AND  MINIMA. 

2.  Definition : — If  a  magnitude,  such  as  the  length  of  a 
line-segment,  an  angle,  or  an  area,  varies,  subject  to  given 
conditions,  it  is  said  to  be  a  maximum  when  it  has  its 
greatest  possible  value ;  and  a  minimum  when  it  has  its 
least  possible  value. 

Cases  of  maxima  and  minima  values  have  been  given  in 
Part  II :  see  §  43  ;  §  47,  Ex.  10  and  Ex.  11  ;  §  92,  Ex.  15  ; 
§  128,  Ex.  18;  §  140,  Ex.  6  and  Ex.  9 ;  §  150,  Ex.  10; 
§  174,  Ex.  4  and  Ex.  16;  §  190,  Ex.  5. 

3.— Exercises. 

1.  Give  examples  showing  that  if  a  magnitude  vary  continuously, 
a  maximum  value  is  in  a   position   where   the   magnitude   is   greater 
than  iu  the   positions   close   to   it   on   either   side ;    and   a   minimum 
value   is   in   a   position   where   the   magnitude    is    less    than    in    the 
positions  close  to  it  on  either  side. 

2.  Give  examples  showing  that  if  a  magnitude  vary  continuously, 
there  must  be  between   any   two   equal   values  of   the   magnitude  at 
least  one  maximum  or  minimum  value. 

3.  A  and  B  are  two  fixed  points  and   P  is  any  point.     Find  the 
position  of  P  for  which  PA2   +    PB2  is  a  min. 
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4.  Find  the  max.  and  min.   st.   lines  from  a  given  point  to  a  given 
circle. 

5.  Of  all  chords  drawn  through  a  given  point  within  a  circle,  that 
which  is  bisected  at  the  point  cuts  off  the  min.  area. 

6.  Given    two    intersecting    st.    lines   and    a   point    within    the    Z 
formed    by    them,    of    all    st.    lines    drawn    through    the    point    and 
terminated  in  the  st.  lines  that   which  is  bisected  by  it  cuts  off  the 
min.  area. 

7.  Of  all  As  °n  the  same  base  the  isosceles  A  has— 

(a)  Min.   perimeter  when  the  area  is  given  ; 

(b)  Max.  area  when  the  perimeter  is  given. 

8.  Of    all    AS    having    a    given     area,    the    equilateral    has    min. 
perimeter. 

o 

9.  Of  all  rt.    Zd  A8  on  the   same   hypotenuse  the  isosceles  A  has 
the  max.   perimeter. 

10.  Find   a   point   in   a   given   st.    line   such    that   the   sum  of   the 
squares  of  its  distances  from  two  given  points  is  a  min. 

11.  A  and  B  are  two  given  points  on  the  same  side  of  a  given  st. 
line;  find  the  point  in  the  line  at   which  AB  subtends  the  max.    Z. 

12.  Two  towns  are  on  opposite  sides  of  a  canal,  unequally  distant 
from  it,  and  not  opposite  to  each  other.     Where  must  a  bridge  be 
built,    _|_  to  the  sides    of   the   canal,    that   the   distance   between  the 
towns,  by  way  of  the  bridge,  may  be  a  min.  ? 

13.  A  ||gm  is  inscribed   in   a    A   by   drawing   from   a   point  in  the 
base   st.    lines   ||   to   the   sides.     Find   the   position   of   the   point   for 
which  the  area  of  the  ||gm  is  a  max. 

14.  The  max.   rectangle  inscribed  in  "a  given  A  equals  half  the  A- 

15.  A  is  the  centre  of  a  given  circle  and  B  is  a  point  without  the 
circle.     Draw  a  st.  line  BCD  cutting  the  circle  at  C  and  D  and  such 
that  the  area  of  the  A  ACD  is  a  max. 

16.  A,  B  are  fixed   points   within   a  given  circle.     Find  a  point  P 
on  the  circumference   such   that   when.  PA,    PB   produced   meet   the 
circumference  at  C,  D  respectively,  CD  is  a  max. 

17.  Find  the  point  in   a  given   st.    line   from   which   the   tangent 
drawn  to  a  given  circle  is  a  min. 
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18.  Through  a  point  of  intersection  A  of  two  circles  draw  the 
max.  Hue-segment  terminated  in  the  two  circumferences. 

(!STOTE: — Draw  CAD  ||  the  line  of  centres  and  any  other  line- 
segment  EAF.  Join  C,  D,  E,  F  to  the  other  point  of  intersection 
and  use  similar  As>) 


RADICAL  Axis. 

4.  Definition : — The    locus    of    the    points    from    which 
tangents   drawn   to  two   circles    are    equal   to   each   other  is 
called  the  radical  axis  of  the  two  circles. 

5.  Theorem:— If  two  circles  cut  each  other,  their 
common  chord  produced  is  the  radical  axis. 

\Proof  left  for  the  pupil.] 

V  6.  A,  B  are  the  centres  of  two  circles  of  radii  R,  r 
respectively  and  P  is  any  point  on  their  radical  axis. 
Draw  PM  _L  AB.  Show  that  AM2  -  BM?  =  R2  -  r2 ;  and 
thence  that  the  radical  axis  is  a  st.  line  J_  AB. 
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7.  Problem :— To    Draw   the   radical   axis   of  two 
non-intersecting  circles. 

Let  A,  B  be  the  centres  of  the  two  circles. 


Join  AB.  Through  B  draw  BC  J_  AB  cutting  the 
circle  with  centre  B  at  C,  and  cut  off  BD  equal  to  the 
radius  of  the  other  circle. 

With  centre  A  and  radius  AD  describe  an  arc,  and 
with  centre  B  and  radius  AC  describe  another  arc  cutting 
the  first  at  E.  Draw  EM  J_  AB. 

Show  that  the  st.  line  EM  is  the  radical  axis. 

Give  another  method  of  drawing  the  radical  axis,  by 
describing  a  circle  to  cut  the  two  given  circles. 

8.— Exercises. 

1.  Draw  two  circles,  radii  1  inch  and  2  inches,  with  their  centres 
4  inches  apart.  Find  a  point  whose  tangents  to  the  two  circles  are 
each  1J  inches  in  length. 

y     2.  The  radical  axis  of  two  circles  bisects  their  common  tangents. 
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3.  Prove  that  the  radical  axis  of  any  three  circles  taken  two  and 
two  together  meet  in  a  point. 

NOTE  : — This  point  is  called  the  radical  centre  of  the  three 
circles. 

4.  0  is  a  fixed  point  outside  a  given  circle ;   find  a  st.  line  such 
that  the  tangent  drawn  from  any  point  P  in  the  line  to  the  given 
circle  equals  PO. 

5.  If   the    square    on    the    distance    between    the   centres   of   two 
circles  equals  the  sum  of  the  squares  on  their  radii,  the  tangents  to 
the  circles  at  a  common  point  are  at  right  angles  to  each  other. 

NOTE  : — Circles  which  cut  each  other  so  that  the  tangents  at  a 
common  point  are  at  right  angles  to  each  other  are  said  to  be 

orthogonal. 

6.  Two  given  circles  intersect  each  other.      Draw   a    system    of 
circles  coaxial  with  the  given  circles. 

7.  Draw  two  non-intersecting  circles  with  centres  A  and  B.     Draw 
their  radical  axis  PO  cutting  AB  at  O.      From  O   draw  a  tangent 
OE  to  either  circle.     With  centre  O  and  radius  OE  describe  a  circle 
cutting  AB  at  C  and  D. 

The  circle  CED  cuts  the  two  given  circles  orthogonally. 

Show  that  any  circle  which  cuts  one  of  the  first  circles  ortho- 
gonally, and  has  its  centre  in  PO,  cuts  the  other  orthogonally  and 
passes  through  C  and  D. 

On  the  circle  CED  take  any  point  F,  draw  the  tangent  at  F  to 
the  circle  CED  and  let  it  cut  AB  at  G.  Show  that  the  circle  with 
centre  G  and  radius  GF  is  coaxial  with  the  first  two  circles  ;  and 
that,  in  this  manner,  a  system  of  circles  may  be  drawn  coaxial  with 
two  given  non-intersecting  circles. 

NOTE  : — No  circle  of  the  coaxial  system  has  its  centre  between 
C  and  D,  and  consequently  these  points  are  called  the  limiting 
points  of  the  system. 

8.  If  from   any  point   P   tangents  be  drawn  to  two  circles,    the 
difference  between  their  squares  equals  twice  the  rectangle  contained 
by  the  J_  from   P  on  the  radical  axis  of  the  two  circles  and  the 
distance  between  their  centres. 

9.  The   tangent   drawn   from  a  limiting  point  to  any   circle  of  a 
coaxial  system  is  bisected  by  the  radical  axis. 
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10.  Find  the  locus  of  the  centre  of  a  circle  the  tangents  to  which 
from   two   given   points   are   respectively   equal    to    two    given    line- 
segments. 

11.  If  0  be   the   orthocentre   of  A  ABC,   the   circles   described  on 
AB  and  CO  as  diameters  are  orthogonal. 

12.  With  a  given  radius  describe  a  circle  to  cut  two  given  circles 
orthogonally. 

13.  If  circles  are  described  on  the  three  sides  of  a  A  as  diameters, 
their  radical  centre  is  the  orthocentre  of  the   A- 

14.  XYZ  is  the  pedal  A  of  A  ABC  ;  YZ,  BC  meet  in  L ;  ZX,  CA 
meet  in  M  ;  XY,  AB  meet  in    N.      Show  that   L,  M,  N  are  on  the 
radical  axis  of  the  circumscribed  and  N. — P.   circles  of  A  ABC. 

(NOTE : — A8  MAZ,  MXC  are  easily  shown  to  be  similar.) 


CHAPTER   II. 


MEDIAL  SECTION. 

9.  Definition : — When  a  line-segment  is  divided  into 
two  parts  such  that  the  square  on  one  part  is  equal  to  the 
rectangle  contained  by  the  given 
line-segment  and  the  other  part, 
it  is  said  to  be  divided  in  medial 

section. 


— B 


10.  Problem: — To  divide  a 
given  line-segment  in  medial 
section. 

Let  AB  be  the  given  line- 
segment. 

Draw    AC  J_  AB    and  =   AB. 

Bisect  AC  at  D.     With  centre  D 

and    radius    DB    describe    an    arc 

cutting  CA  produced  at  E.     With  centre  A  and  radius  AE 

describe  an  arc  cutting  AB  at  F. 


Then  AB  is  divided  in  medial  section  at  F. 

DA2  +  2  DA.AE  +  AE2  =  DW. 

=  DB2. 
=  DA2  +  AB2. 


(II,  §  86.) 


AF2  =  AB2       AB.AE. 
=  AB  (AB  -  AF). 

=  AB.FB. 

11 


(2DA  =  AB.) 
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11.— Exercises. 

1.  If  a  line-segment  AB  be   divided  at  F  so  that   AF2  =  AB.BF, 
show  that  AB  :  AF  =  AF  :  BF. 

Give  a  general  statement  of  this  result. 

2.  Draw  a  line-segment  AB.      Through  A  draw  AC  J_  AB  and  = 
AB.     Bisect  AC  at  D.     With  centre  D  and   radius  DB  describe  an 
arc   cutting   AC   produced    through   C   at   F.      With   centre    A    and 
radius   AF  describe  an  arc   cutting   BA  produced  through  A  at  G. 
Show  that  AG2  =  AB.BG. 

3.  A  given   line-segment   AB   is   to   be   divided   in   medial  section. 
Let  F  be  the  point  of  section,  a  the  length   of   AB,  x  the  length  of 
AF. 

Then,  by  the  definition  of  medial  section  x*  —  a(a  -  x) 

or  x*  +  ax-az=Q. 

a  zb  a  i/5 
Solving  this  quadratic  equation  x  —  ^~      — • 

Show    that    the    construction    in  §  10    is   suggested    by    the    root 
-a  +  a  i/5  ;  and  the  construction  in  Ex.  2  by  the  root  -  a  -  a  j/5t 
~2~  ~2~ 

4.  Divide  a  st.  line  4  inches  in  length  in  medial  section.     Measure 
the  length  of  each  part,  and  test  the  results  by  calculation. 

>/  5.  The  difference  of  the  squares  on  the  parts  of  a  line-segment 
divided  in  medial  section  equals  the  rectangle  contained  by  the 
parts. 

6.  On   a  given    line-segment    as    hypotenuse    describe   a   rt.-Zd  A 
such  that  the  square  on  one  side  equals  the  rectangle  contained  by 
the  hypotenuse  and  the  other  side. 

7.  If  AB  be  divided  at  C  so  that  AC2  =  AB.BC,  AB2  +  BC2  = 
3AC2. 


12.  Problem:— To  describe  an  isosceles  triangle 
having  each  of  the  angles  at  the  base  double  the 
vertical  angle. 

V. 

Draw  a  line-segment  AB  and  divide  it  at  H  so  that 
AH2  =  AB.BH/  (§  10.) 


EXERCISES. 
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Describe    arcs    with   centres    A,    B    and   radii  AB,  AH 
respectively  and  let  them  cut  at  C. 

Join  AC,  BC.  ''".-: 

ABC  is  the  required  A- 

Join  HC.  ;    . ...   '  . 

L     B     is     common      to     the      As     ABC, 
CBH,    and    since 

AB        AH    AB  _  BC 
AH 


H 


BH'  BC        BH'  B 

/.  these  As  are  similar  and  z_   BCH         L.  A. 

AC       AB        AH 
Agam    BC  =  AH  =  SB' 

.'.   CH  bisects    L    ACB 

ACB  =  twice        BCH  =  twice        A. 


(II,  §  115.) 


and  also  z_    ABC  =  twice  L  A. 

13. — Exercises. 

1.  Express  the   Zs  of  the  A  ABC  (fig.,  §  12)  in  degrees. 

2.  Show    that    AHC    (fig.,   §   12)    is    an    isosceles    A    having    the 
vertical   Z   three  times  each  of  the  base   Zs. 

3.  In  a  given   circle   CAB  draw  any 
radius   OA.      Divide  AO   at  H  so  that 
OH2  =  AO.AH.      Place   the  chord  AB 
=  HO. 

Join  BH  and  produce  BH  to  cut 
the  circumference  at  C.  Join  AC. 

Show  that  AB  is  a  side  of  a  regular 
decagon  inscribed  in  the  circle  ;  and 
that  AC  is  a  side  of  a  regular  pen- 
tagon inscribed  in  the  circle. 

4.  Show  that  the  side  of   a   regular 


decagon  inscribed  in  a  circle  of  radius 


r  is 


-  1). 
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5.  The  square  on  a  side  of  a  regular  pentagon  inscribed  in  a  circle 
equals   the   sum    of   the   squares   on   a   side   of   the   regular  inscribed 
decagon  and  on  the  radius  of  the  circle. 

6.  Show  that  the  side  of  a  regular   pentagon   inscribed  in  a  circle 

r       I 
of  radius  r  is   -^   -*/  10  -  2^/5. 

7.  In  a  circle  of  radius  2  inches  inscribe  a  regular  decagon  by  the 
method  of  Ex.    3.       Measure  a  side  of   the  decagon   and  check   your 
result  by  calculation. 

8.  In  a  circle  of  radius   3   inches    inscribe   a   regular   pentagon   by 
the  method  of  Ex.   3.     Measure   a   side  of   the   pentagon   and   check 
your  result  by  calculation. 

9.  In  a  given  circle  draw  two 
radii  OA,  OB  at  rt.  Zs  to  each 
other.  Bisect  OB  at  C.  Join  AC 
and  cut  off  CD  =  CO. 

Show  that  AD  is  equal  to  a  side 
of  a  regular  decagon  inscribed  in 
the  circle. 

The  regular  inscribed  pentagon 
may  be  drawn  by  joining  alternate 
points  obtained  by  placing  successive 
chords  each  equal  to  AD. 

10.  Draw  a  regular  pentagon  on  a  given  line-segment. 

11.  Circumscribe  a  regular  pentagon  about  a  given  circle. 

12.  ABCDE  is  a  regular   pentagon.       Show   that   AD,    BD   trisect 
Z  CDE. 

13.  ABCDE   is   a   regular   pentagon.       Show   that   AC,  BD   divide 
each  other  in  medial  section. 


14.  Construct  a  regular  5-pointed  star, 
the  Z  at  each  vertex  ? 


What   is   the  measure  of 


15.  Construct  a   regular   decagon   by   cutting  off  the   corners  of   a 
regular  pentagon. 

16.  On    a    line-segment    2    inches    in    length    describe    a    regular 
pentagon.       Measure    a    diagonal  of   the    pentagon    and    check    your 
result  by  calculation. 


MISCELLANEOUS    THEOREMS. 
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14.  Theorem:    ABC  is  a  triangle  and  P  is  a  point 
in  BC  such  that  -.    It  is  required  to  show 

PC         m 

that 

mAB2  +  nAC2  =  (m  +  n)  AP2  +  mBP2  +  nCP2. 
Draw  AX    J_   BC. 

From  A  ABP, 

AB2  =  AP2  +  BP2  -  2BP.PX. 

(II,  §  127.) 
From  A  APC,  B  X  PC 

AC2  =  AP2  +  CP2  +  2CP,  PX.       (II,  §  128,  Ex.  1.) 

Multiplying  both  sides  of  the  first  of  these  equations  by 
m,  both  sides  of  the  second  by  n,  adding  the  results  and 
using  the  condition  mBP  =  nPC,  we  obtain 

mAB2  +  nAC2  =  (m  +  n)  AP2  +  mBP2  +  nCP2. 

15.  What  does  the  result  in  §  14  become  when  m   =   nl 

In  a  A  ABC,  a  77  mm,  b  90  mm  and  c  123 
mm.  Find  the  distances  from  C  to  the  points  of  trisection 
of  AB. 
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16.  In  a  right-angled  triangle  a  rectilineal  figure 
described  on  the  hypotenuse  equals  the  sum  of  the 
similar  and  similarly  described  figures  on  the  other 
two  sides. 

ABC  is  a  A  rt.-  L  d  at  C  and  having  the  similar  and 
similarly  described  figures  X,  Y,  Z  on  the  sides. 

It  is  required  to  show  that  X  +  Y  =  Z. 

Draw  CD  _J_  AB. 

From  the  similar  As  ABC,  ACD. 


B 


AB 

:  AC 

=  AC 

.  z 

AB 

•*  Y 

-  AD' 

and 

.    Y 

AD 

Z 

=  AB' 

mila.i 

r*lv 

DB 

(II,  §  198.) 


X  +  Y       AD  +  DB 


=  1. 


Z  AB 

and  consequently  X  +  Y        Z. 

Ex. — Prove   this    theorem    by   using 
Part  II.  


197    and    121    of 


MISCELLANEOUS    THEOREMS. 
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17.  Theorem:—  If  the  vertical  angle  of  a  triangle 
be  bisected  by  a  straight  line  which  also  cuts  the 
base,  the  rectangle  contained  by  the  sides  of  the 
triangle  is  equal  to  the  rectangle  contained  by  the 
segments  of  the  base  together  with  the  square  on 
the  straight  line  which  bisects  the  angle. 

ABC  is  a  A  an(l   AD  the  bisector  of  L.   A. 

It  is  required  to  show  that 
the  rect.  AB.AC  =  -  rect. 
BD.DC  +  AD'2. 

Circumscribe  a  circle  about 
the  A  ABC.  Produce  AD  to 
cut  the  circumference  at  E. 
Join  EC. 

In  As  BAD,  EAC 

L    BAD   =    L.    EAC,    L. 
ABD  =    L  AEC, 

.'.    L.  ADB  =    L.  ACE  and  the  As  are  similar; 
BA        EA 


AD        AC' 
and  /.  BA.AC  =  AD.EA. 

But  AD.EA  =  AD  (AD  +  DE) 

=  AD2  +  AD.DE 

=  AD2  +  BD.DC 
.'.  rect.  BA.AC  =  rect.   BD.DC  +  AD2. 


(II,  §  165.) 
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18.— Exercises. 

1.  If  the  exterior  vertical   Z   A  of  A  ABC  be  bisected  by  a  line 
which  cuts  BC  produced  at  D,  rect.  AB.AC  =  rect.  BD.CD       AD2. 

2.  Draw  A  ABC  having  a  =  81  mm.,    b  =  60  mm.,    c  =  30  mm. 
Bisect  the  interior  and   exterior   Z  s  at  A  and  produce  the  bisectors 
to  meet  BC  and  BC  produced  at  D  and  E.     Measure  AD,  AE ;  and 
check  your  results  by  calculation. 


19.  Theorem: — The  sum  of  the  rectangles  contained  by 
the  opposite  sides  of  a  quadrilateral  is  not  less  than  the 
rectangle  contained  by  the  diagonals. 

ABCD  is  a  4-gon,  AC, 
BD  its  diagonals. 

Required  to  show  that 
AB.DC  +  AD.BC  is  not 
less  than  AC.BD. 

Make  L  BAE  =  L. 
CAD  and  L.  ADE  = 
L  ACB.  Join  EB. 

AS  BAC,  EAD  are 
similar, 


D 


BA       CA 
•'•    AE  ~  AD 

and  L  BAE  =    L  CAD, 
/.    As  BAE,  CAD  are  also  similar. 
From  the  similar  AS  BAE,  CAD 
AB  _  AC 
BE       CD' 


(II,  §  109.) 


(II,  §  112.) 


and 


AB.CD  =  AC. BE. 


From  the  similar  AS  BAC,  EAD, 

59  =  55,   and  /.  BC.AD  =  AC. ED. 

Consequently  AB.CD  +  BC.AD  =  AC(BE  +  ED); 
but  BE  +  ED  is  not  <  BD ; 
.'.  AB.CD  +  BC.AD  is  not  <  AC.BD. 


MISCELLANEOUS    THEOREMS. 
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20.  Theorem :-  The  rectangle  contained  by  the 
diagonals  of  a  quadrilateral  inscribed  in  a  circle  is 
equal  to  the  sum  of  the  rectangles  contained  by  its 
opposite  sides. 

[Proof  left  for  the  pupil.] 


21.  Theorem :—- If  two  similar  triangles  have  their 
corresponding  sides  parallel,  the  st.  lines  joining  corres- 
ponding vertices  are  concurrent.  (See  II,  §  111,  Ex.  13). 

Let  ABC,  DEF  be  two  similar  As  having  the  sides 
BC,  CA,  AB  respectively  ||  to  the  corresponding  sides  EF, 

FD,  DE. 


Prove  AD,  BE,  CF  concurrent. 

Distinguish  the  two  cases  shown  by  the  diagrams. 

22.  Theorem :— If  two  similar  polygons  have  the 
sides  of  one  respectively  parallel  to  the  corres- 
ponding sides  of  the  other,  the  straight  lines 
joining  corresponding  vertices  are  concurrent. 

\The  proof  is  left  for  the  pupil.] 
Distinguish  two  cases. 
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23.— Exercises. 

1.  Inscribe  a  square   in   a   given    A-      Show   that   there  are  three 
solutions. 

2.  In  a  given  A  inscribe  a  rectangle  similar  to  a  given  rectangle. 
Show  that  there  are  six  solutions. 

3.  In  a  given  semi-circle  inscribe  a  square. 

4.  In  a  given  semi-circle  inscribe  a  rectangle  having  its  sides  in  a 
given  ratio. 

5.  In  a  given   A  inscribe  a   A  having  its    sides  ||   to   three  given 
st.  lines. 


CHAPTER  TIT. 


THEOREMS  OF  MENELAUS  AND  CEVA. 

24.  Menelaus'  Theorem:— If  a  transversal  cut  the 
sides  BC,  CA,  AB  of  the  triangle  ABC  in  the  points 
D,  E,  F  respectively,  AF.BD  CE  -  FB  DC  EA. 

(NOTE : — The  transversal  must  cut  two  sides  and  the  third 
side  produced,  or  cut  all  three  produced.) 


B  C         D^          B 

Draw  AX,  BY,  CZ  J_  to  the  transversal 

From  similar   As  :— 

AF        AX 
FB  =  BY' 

BD       BY 
CZ' 


and 


DC 

CE 
EA 


AX' 


By  multiplication, 
AF       BD       CE 


x 


x 


-*•  j 


FB        DC        EA 
and  .'.  AF.BD. CE  -  FB.DC.EA. 
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25.  Converse  of  Menelaus'  Theorem:— If,  in  A  ABC, 
on  two  of  the  sides  BC,  CA,  AB  and  on  the  third 
produced,  or  if  on  all  three  produced,  points  D,  E,  F 
respectively  be  taken  so  that  AF.BD.CE  =  FB.DC. 
EA,  the  points  D,  E,  F  are  collinear. 

\_The  proof  is  left  for  the  pupil.~\ 

26.  Ceva's  Theorem : — If  from  the  vertices  A,  B,  0 
of  A  ABC  concurrent  straight  lines  AO,  BO,  CO  be 
drawn  to  cut  BC,  CA,  AB  at  D,  E,  F  respectively, 
AF.BD.CE  =  FB.DC.EA. 

(NOTE  : — D,  E  and  F  must  be  on  the   three  sides,  or  on 
one  side  and  on  the  other  two  produced.) 


FOC  is  a  transversal  of  A  ABD, 
/.   AF.BC.DO  -  FB.CD.OA. 

BOE  is  a  transversal  of  A  ADC, 
/.    AO.DB.CE       OD.BC.EA. 


(§  24.) 


By  multiplication,  and  division  by  DO,  OA  and  BC, 
AF.BD.CE        FB.DC.EA. 


(For  another  proof  of  this  theorem  see  II,  §  101,  Exercises 
11  and  13.) 
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27.  Converse  of  Ceva's  Theorem :— If,  in  A  ABC, 
on  the  three  sides  BC,  CA,  AB,  or  if  on  one  of  these 
sides  and  on  the  other  two  produced,  points  D,  E,  F 
respectively  be  taken  so  that  AF.BD.CE  -  FB.DC.EA, 
the  lines  AD,  BE,  CF  are  concurrent. 

[The  proof  is  left  for  the  pupil.] 

28.— Exercises. 

1.  Show,  by  using  the  converse  of  Ceva's  Theorem,  that  :— 

(a)  The  medians  of  a  A  are  concurrent. 

(b)  The  bisectors  of  the    Zs  of  a  A  are  concurrent. 

(c)  The    bisector   of    the    Z    at    one   vertex    of   a    A    an(i    the 

bisectors   of   the   exterior    Z  s   at   the   other   two  vertices 
are  concurrent. 

(d)  The    JLs  from  the   vertices   of   a    A   to   the  opposite  sides 

are  concurrent. 

(e)  The  st.  lines  joining  the  vertices  of  a  A  to  the  points  of 

contact   of  the   opposite   sides   with   the   inscribed   circle 
are  concurrent. 

(/)  The  st.  lines  joining  the  vertices  of  a  A  to  the  points  of 
contact  of  the  opposite  sides  with  any  one  of  the 
escribed  circles  are  concurrent. 

2.  If  AB,  CD,  EF  be  three  ||  line-segments,   and  AC,  BD  meet  in 
N,  CE,  DF  meet  in  L,  and  EA,   FB  meet  in  M,  then  L,  M,  N  are 
collinear. 

3.  If   one   escribed    circle  of    A    ABC    touch    AC    at    F    and    BA 
produced  at  G,  and  another  escribed  circle   touch  AB  at  H  and   CA 
produced    at    K,    FH,    KGr    produced    cut    BC    produced    in    points 
equidistant  from  the  middle  point  of  BC. 

4.  0  is  a   point   within   the  A  ABC   and   AO,    BO,    CO   produced 
cut    BC,    CA,    AB   at    D,    E,    F    respectively.      The    circle    through 
D,  E,  F  cuts  BC,  CA,  AB  again  at  P,  Q,  R.     Show  that  AP,    BQ, 
CR  are  concurrent. 

5.  If    two    As    are    s°    situated    that    the    st.    lines   joining   their 
vertices    in    pairs    are     concurrent,    the     intersections    of     pairs     of 
corresponding  sides  are  collinear. 

State  and  prove  the  converse. 


24  PRACTICAL    AND   THEORETICAL   GEOMETRY. 

6.  The  inscribed  circle  of  A  ABC  touches  the  sides  BC,  CA,  AB 
at  D,  E,  F  respectively ;  EF,  FD,  DE,  produced  meet  BC,  CA,  AB 
respectively  at  L,  M,  N.     Show  that  L,  M,  N  are  collinear. 

7.  The  points  where  the  bisectors  of  the  exterior  angles  at  A,  B,  C 
of  A  ABC  meet  BC,  CA,  AB  respectively  are  collinear. 

8.  Tangents    to   the    circum-circle   at   A,  B,  C  meet  BC,  CA,  AB 
respectively  in  collinear  points. 

HARMONIC  RANGES  AND  PENCILS. 

29.  Definition : — A    set   of   collinear   points   is   called    a 

range. 

30.  Definition :  — A    set   of    concurrent   straight   lines   is 
called  a  pencil. 

The  lines  are  called  the  rays    of  the  pencil;  and  their 
common  point  is  called  the  vertex  of  the  pencil. 

31.  Definition  : — When  three   magnitudes  are  such  that 
the  first  has  the  same  ratio  to  the  third  that  the  difference 
between  the  first  and  second   has  to  the  difference  between 
the   second   and    third,    the   differences    being   taken   in  the 
same  order,    the   magnitudes   are   said   to   be   in  harmonic 
proportion.    (H.  P.) 

Thus,    if   a,    b    and   c    represent  three  numbers  such  that 
a  !  c  =  b        a  \  c        b,  a,  b  and  c  are  in  H.  P. 

32.  Take  any  point  C  in  a  line-segment  AB. 

A- ? ^ -7-D 


Find  the  point  D  in  AB  produced  such  that  AD  ;  DB  = 
AC  !  CB.  (II,  §  107,  Ex.  4.) 


HARMONIC    RANGES   AND    PENCILS. 
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Show  that  the  following  sets  of  line-segments  are  in  H.  P. 
(a)  AC,  AB,  AD; 
(6)  DB,  DC,  DA. 

When  four  collinear  points  A,  C,  B,  .D  are  such  that 
AC  :  CB  =  AD  :  DB,  they  form  a  harmonic  range. 

State  and  prove  a  converse. 

Definition: — If  any  point  P  be  joined  to  the  four 
points  of  a  harmonic  range,  the  joining  lines  form  a 

harmonic  pencil. 

33.  Theorem :— If,  in  the  harmonic  pencil  P  (A,  0, 
B,  D),  a  straight  line  through  B  parallel  to  PA  cut 
PC,  PD  at  E,  F  respectively,  BE  =  BF. 


[The  proof  is  left  for  the  pupil, ,] 

34.  State  and  prove  a  converse    to    the    theorem  of  §  33. 

35.  Give    a    method     of    finding    the    fourth     ray     of     a 
harmonic  pencil  when  three  rays  are  given. 
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36.  Theorem :— Any  transversal  is  cut  harmonically 
by  the  rays  of  a  harmonic  pencil. 

A  transversal   cuts   the   rays    PA,    PC,    PB,    PD    of   the 
harmonic  pencil  P(A,  C,  B,  D)  at  K,  M,  N,  L  respectively. 

P 


It  is  required   to  show   that   K,    M,   N,   L  is  a  harmonic 


range. 


Through  B,  N  respectively  draw  EF,  GH  ||  PA. 
[The  proof  is  left  fur  the  pupil.] 

Prove  this  theorem  when  the  transversal  cuts  the  rays 
produced  through  the  vertex. 

37.  Definition : — If  A,  C,  B,  D  is  a  harmonic  range  A 
and  B  are  said  to  be  harmonic  conjugates  with  respect 
to  C  and  D ;  and  C  and  D  are  said  to  be  harmonic 
conjugates  with  respect  to  A  and  B. 

38  —Exercises. 

1.  In  the  A  ABC  the  bisectors  of  the  interior  and  exterior  Zs  at 
A  cut  BC  and  BC  produced  at  D,  E  respectively.     Show  that  B,  D, 
C,  E  is  a  harmonic  range. 

2.  A,   C,   B,    D    is    a  harmonic   range   and  P  is  any  point  on  the 
circle  described  on  AB  as  diameter.     Show  that  PA,  PB  respectively 
bisect  the  exterior  and  interior  vertical  Zs  of  A  CPD. 

(NOTE:— Draw  EBF  ||  AP  cutting  PC,  PD  at  E,  F  respectively.) 
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3.  A,  C,  B,  D  is  a  harmonic  range  and  0  is  the  middle  point  of 
AB.     Show  that  OB2  =  OC.OD. 

State  and  prove  a  converse. 

4.  A,    C,    B,    D  is    a    harmonic    range.      Show    that    the    circles 
described  on  AB,  CD  as  diameters  cut  each  other  orthogonally. 

5.  The  inscribed  circle  of  A  ABC  touches  BC,  CA,  AB  at  D,  E,  F 
respectively,  and  DF  meets  CA  produced  at  P.     Show  that  C,  E,  A,  P 
is  a  harmonic  range. 

( NOTE:— Use  Menelaus'  Theorem.) 

6.  The  diameter  AB  of  a  circle  is  JL    to  a  chord  CD.     P  is  any 
point  on  the  circumference.      PC,  PD  cut   AB,  or  AB  produced  at 
E,  F.     Show  that  A,  E,  B,  F  is  a  harmonic  range. 

7.  Through  E,  the  middle  point  of  the  side  AC  of  the  A  ABC,  a 
transversal  is  drawn  to  cut  AB  at  F,  BC  produced  at  D,  and  a  line 
through  B  j|  CA  at  G.     Show  that  G,  F,  E,  D  is  a  harmonic  range. 

8.  A  common  tangent  of  two  given  circles  is  divided  harmonically 
by  any  circle  which  is  coaxial  with  the  given  circles. 

9.  In  a  circle  AC,  BD  are  two  diameters  at  rt.    Z  s  to  each  other, 
and  P  is  any  point  on  the  quadrant  AD.     Show  that  PA,  PB,  PC,  PD 
constitute  a  harmonic  range. 


39.    Definition : — The    figure    formed    by    four    straight 
lines    which    meet   in   pairs   in 
six    points    is    called    a    com- 
plete  quadrilateral 

The  figure  ABCDEF  is  a 
complete  quadrilateral,  of  which 
AC,  BD  and  EF  are  the 
three  diagonals. 
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40.  Theorem:— In  a  complete  quadrilateral  each 
diagonal  is  divided  harmonically  by  the  two  other 
diagonals,  and  the  angular  points  through  which  it 
passes. 

ABCDEF  is  a  complete  quadrilateral  having  the  diagonal 
AC  cut  by  DB  at  P  and  by  EF  at  Q. 

JF 


It  is  required  to  show  that  A,  P,  C,  Q  is  a  harmonic 
range. 

In  A  ACF,  AB,  CD,  FQ  are  concurrent  at  E  and  .'. , 
by  Ceva's  Theorem, 

\         ,         FD.AQ.CB  =  DA.QC.BF. 

The  transversal  DPB  cuts  the  sides  of  the  A  ACF  and  .'. , 
by  Menelaus'  Theorem, 

FD.AP.CB  =  DA.PC.BF. 

Hence,  by  division, 

AQ        QC 

AP        PC' 

or,  AP  _  AQ. 

PC  =  QC' 
and  .'.  A,  P,   C,   Q  is  a  harmonic  range. 

From  the  above  result  it  is  seen  that  FA,  FP,  FC,  FQ 
is  a  harmonic  pencil,  and  consequently,  by  §  36,  D,  P,  B, 
R  is  a  harmonic  range. 

Show,  in  the  same  manner  that  F,  Q,  E,  R  is  a 
harmonic  range. 
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POLES  AND  POLARS. 

41.  Definition : — If    through    a    fixed    point    a    line    be 
drawn   to   cut   a   given   circle   and   at    the   points   of   inter- 
section  tangents   be   drawn,    the    locus    of   the   intersection 

O  ' 

of  the  tangents  is  called  the  polar  of  the  fixed  point;  and 
the  fixed  point  is  called  the  pole  of  the  locus. 

42.  Problem:— To  find  the  polar  of  a  fixed  point 

with  respect  to  a  given  circle. 

Let  D  be  the  nxed    point;   C    the   centre   of   the    given 
circle. 


B 


Through  D  draw  any  st.  line  cutting  the  circle  at  A  and 
B.  At  A,  B  draw  tangents  to  the  circle  intersecting  at  P. 

P  is  a  point  on  the  required  locus. 
Join  CD  and  from  P  draw  PE    J_   CD. 
Join  CP  cutting  AB  at  F.     Join  CB. 

LS  DEP,  DFP  are  rt.  z_  s  and  consequently  D,  E,  F, 
P  are  concyclic, 

and  /.  CE.CD  =  CF.CP  =  CB2 ; 
then  since  CD  and  CB  are  constant, 
CE  must  also  be  constant. 

.*.  the  locus  of  P  must  be  the  st.  line  _|_  CD  through 
this  fixed  point  E;  that  is,  the  st.  line  PE  is  the  polar  of 
the  point  D. 
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43.— Exercises. 

1.  P  is  a  point  at  a  distance  of  4  cm.  from  the  centre  of  a  circle 
of  radius  6  cm.     Construct  the  polar  of  P. 

2.  P  is  a  point  at  a  distance  of  7  cm.  from  the  centre  of  a  circle 
of  radius  5  cm.     Construct  the  polar  of  P. 

3.  Draw  a  st.    line  at  a  distance  of   7   cm.  from  the  centre  of  a 
circle  of  radius  4  cm.     Construct  the  pole  of  the  line. 

4.  When  the  point  P  is  within   the  given   circle,   the  polar  of  P 
falls  without  the  circle ;  and  when  P  is  without  the  circle,  the  polar 
of  P  cuts  the  circle. 

5.  The  polar  of  a  point  on  the  circumference  is   the  tangent  at 
that  point. 

6.  P  is  a  point  without  a  given  circle  and  the   polar  of  P  cuts 
the  circle  at  A.     Show  that  PA  is  a  tangent  to  the  circle. 

Give  a  general  statement  of  this  theorem. 

7.  If  a  point  A  lies  on  the  polar  of  a  point  B  with  respect 
to  a  given  circle,  then  B  lies  on  the  polar  of  A. 

8.  If  any  number  of  points  are  collinear,  their  polars  with  respect 
to  any  circle  are  concurrent. 

9.  Any  number  of  lines  pass  through  a  given  point ;  find  the  locus 
of  their  poles. 

10.  If  A  and  B  are  two  points  such  that  A  lies  on  the  polar  of  B 
with  respect  to  a  circle,  and  consequently,  B  lies  on  the  polar  of  A, 
and  if  C  be  the  intersection  of  the  polars  of  A  and  B,  then  the  line 
joining  A  and  B  is  the  polar  of  C. 

Definition  : — A  A  such  that  each  side  is  the  polar  of  the  opposite 
vertex  is  said  to  be  self-Conjugate. 

11.  If  a  st.  line  PAB  cut  a  circle  at  A,  B  and  cut  the  polar  of 
P  at  C,  and  if  D  be  the  middle  point  of  AB, 

PA.PB  =  PC.PD. 

12.  Two  circles  ABC,  ABD  cut  orthogonally.     Show  that  the  polar 
of  D,  any  point  on  the  circle  ABD,  with  respect  to  the  circle   ABC 
passes  through  E,  the  point  diametrically  opposite  to  D. 

13.  A  is  a  given  point  and  B  any  point   on  the  polar  of  A  with 
respect  to  a  given  circle.     Show  that  the  circle  described  on  AB  as 
diameter  cuts  the  given  circle  orthogonally. 

14.  ABC  is  a  A  inscribed  in  a  circle,  and  a  ||  to  AC  through  the 
pole  of  AB  meets  BC  at  D.     Show  that  AD  =  CD. 
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44.  Theorem :— Any  straight  line  which  passes 
through  a  fixed  point  is  cut  harmonically  by  the 
point,  any  circle,  and  the  polar  of  the  point  with 
respect  to  the  circle. 

P  is  the  fixed  point,  O  the  centre  of  the  circle,  PACE 
any  line  through  P  cutting  the  circle  at  A,  B  and  the 
polar  EC  of  P  with  respect  to  the  circle  at  C. 

It  is  required  to  show  that  B,  C,  A,  P  is  a  harmonic 
range. 


Join  BO,  OA,  BE,  EA  and  produce  BE  to  F. 
PO.OE  =  OA2,  /.  PO  :  OA  =  OA  :  OE, 

and  L.  POA  is  common  to  the  As  POA,  AOE, 

.*.  these  As  are  similar, 

and  consequently  L  OEA  =    L   OAP, 

.-.    L  PEA  =    L  OAB  =    L  OBA. 

Similarly,  from  A«  FOB,  BOE, 
L  OBA  =    L  OEB  =    /.  FEP. 

/.    L  FEP         L  PEA; 
and  since  PEC  is  a  rt.   L  ,   L  BEC  =    L  CEA. 

BC        BE        BP 
Hence          - 


and  B,  C,  A,  P  is  a  harmonic  range. 

Prove  this   theorem   when  the  line    PAB   passes  through 
the  centre  of  the  circle. 

Prove  this  theorem  when  the  point  P  is  within  the  circle. 
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45.  ABCD  is  a  4-gon  inscribed  in  a  circle.  AB,  DC  are 
produced  to  meet  at  E;  BO,  AD  to  meet  at  F,  forming 
the  complete  4-gon  ABCDEF. 


AC  cuts  BD  at  G,  FG  cuts  AB  at  L. 

From  the  complete  4-gon  FDGCAB,  A,  L,  B,  E  and  D, 
K,  C,  E  are  harmonic  ranges,  (§  40.) 

/.  L  and  K  are  points  on  the  polar  of  E ;  (§  44.) 

that  is,  GF  is  the  polar  of  E. 

Similarly,   GE  is  the  polar  of  F. 

Hence  FE  is    the   polar  of    G ;    and  the  A  EFG  is  self- 
conjugate  with  respect  to  the  circle  ABC. 

46.— Exercises. 

1.  Tangents  AB,  AC  are  drawn  to  a  circle.     The  tangent  at   any 
point  P  cuts   BC,   CA,    AB   at  X,    Y,   Z  respectively.      Show  that 
X,  Z,  P,  Y  is  a  harmonic  range. 

2.  If  PM,    QN   be   respectively   drawn   J_  to   the   polars  of   Q,  P 
with  respect  to  a  circle  whose  centre  is  0,  PM  :  QN  =  OP  :  OQ. 
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MISCELLANEOUS  EXERCISES. 
47.— Theorems. 

1.  If  P  be  the  length  of  the  _L  from  A  to  BC  and  d  the 
length  of  the  diameter  of  the  circumscribed  circle  of  A  ABC, 
then  pd  —  be. 


2.  Show   that  the  area  of   A   ABC  =  j/  a  (s  -  a)  (s  -  b)  (s  -  c), 
where  s  =  \  (a  +   b  +   c). 

3.  If  R  be  the  radius  of  the  circumscribed  circle  and  A  the  area 
of  A  ABC,  then  4R  A  =  obc- 

Ex.     -  a  =  65  mm.,  b  =  70  mm.,  c  =  75  mm.;  find  R. 
Ex.     -  a  =  7  cm.,  b  =  8  cm.,  c  =  9  cm  ;  find  R. 

4.  If  L,  M,  N  be  the  centres  of  the   escribed  circles  of  A  ABC, 
the  circumscribed  circle  of  A  ABC  is  the  N. — P.  circle  of  A  LMN. 

5.  In   Ex.    4,   if  I  be   the  centre    of    the  inscribed  circle,    P  the 
point  where   the  circumscribed  circle  cuts  IL  and   PH   be    _L    AC, 
AH  equals  half  the  sum  and  CH  half  the  difference  of  b  and  c. 

6.  If  I  be  the   inscribed  centre,  S  the  circumscribed  centre  and  O 
the  orthocentre  of  A  ABC,  AI  bisects  Z  SAO. 

7.  If  O  be  the  orthocentre  of  A  ABC,  A,  B,  C,  O  are  the  centres 
of  the  circles  which  touch  the  sides  of  the  pedal  A- 

8.  The  Simpson's  line  of  a  point   P  bisects   PO,  where   O   is   the 
orthocentre  of  A  ABC. 

9.  CA,  CB  are  two  tangents  to  a  circle  ;    E  is  the  foot  of  the  J_ 
from  B  on  the  diameter  AD  ;  prove  that  CD  bisects  BE. 

10.  The  J_  from  the  vertex  of  the  rt.    Z   on  the  hypotenuse  of  a 
rt.-  Zd  A  is  a  harmonic  mean  between  the  segments  of  the  hypotenuse 
made  by  the  point  of  contact  of  the  inscribed  circle. 

11.  The  side  of  a  square  inscribed  in  a  A  is  half  the  harmonic 
mean  between  the  base  and  the  J_  from  the  vertex  to  the  base. 

12.  The   circumscribed  centre  of  a   A  is  the  orthocentre  of  the 
A  formed  by  joining  the  middle  points  of   its  sides ;    and  the  two 
AS  have  a  common  centroid. 
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13.  ABC  is  a  A-     Describe  a  circle   to   touch   AC   at  C  and  pass 
through    B.      Describe  another  circle   to  touch  BC  at   B  and  pass 
through  A.      Let   P   be   the  second   point  of  intersection  of   these 
circles.      Show  that   Z   ACP  =    Z   CBP  =    Z   BAP ;    and  that  the 
circumscribed  circle  of  A   A  PC   touches  BA  at   A.      Find   another 
point  Q  such  that   Z  QBA  =   Z  QAC  =   Z  QCB. 

14.  O  is  the  orthocentre  of  A  ABC,   AX,   BY,   CZ  are  the  _L_s 
from    A,    B,    C   on   the    opposite    sides,    BD   is   a   diameter   of    the 
circumscribed  circle.     Show  that : — 

(a)  DC  =  AO ; 

(b)  AO2  +  BC2  =  BO2  +  CA»  =  CO2  +  AB2  =  the  square  on  the 

diameter  of  the  circumscribed  circle. 

15.  If  a  A  De  formed  with  its  sides  equal  to  AD,  BE,  CF,  the 
medians  of  A  ABC,   the  medians  of  the  new  A  will  be  respectively 
three-fourths  of  the  corresponding  sides  of  the  original  A- 

16.  The  opposite  sides  of  a  4-gon  inscribed  in  a  circle  are  produced 
to  meet ;  show  that  the  bisectors  of  the  two   Z  s  so  formed  are  J_ 
to  each  other. 

17.  AG  is  a  median  of  the  A  ABC.     BDEF  cuts  AG,  AC  and  the 
line  through  A  ||  BC  at  D,  E,  F  respectively.     Show  that  B,  D,  E,  F 
is  a  harmonic  range. 

18.  If  A,  C,  B,  D  be  a  harmonic  range,  show  that 

2  1  1 

AB  = :  AC  "  AD* 

19.  A,    B   are  the   centres   of   two  circles.     A   common   tangent, 
direct  or  transverse,  cuts  the  line  of  centres  at  S.     Show  that  the 
corresponding  ends  of  two  ||  diameters  of  the  circles  are  in  the  same 
at.  line  with  S. 

20.  A,    B   are   the   centres   of    two    circles   of    radii    R,    r.     The 
transverse  and  direct  common  tangents  intersect  the  line  of  centres 

at  P,  Q.     Show  that 

AP       AQ       R 

PB  :=  QB  :     7' 

NOTE:— If  A,  B  be  the  centres  of  two  circles,  and  points  P,  Q  be 

found  in  AB  and  AB  produced  such  that  —  =  — -5  —  —  f   the    points 

PB       QB       T 

P,  Q  are  called  the  centres  of  similitude  of  the  circles. 


MISCELLANEOUS    EXERCISES — THEOREMS.  35 

21.  If  a  circle  touch  two  fixed  circles,  the  line  joining  the  points 
of  contact  passes  through  a  centre  of  similitude  of  the  two  circles. 

22.  In  a  system  of  coaxial  circles  the  two  limiting  points  and  the 
points  in  which  any  one  circle  of  the  system  cuts  the  line  of  centres 
form  a  harmonic  range. 

23.  If  two  circles  cut  orthogonally,  any    diameter  of   one   which 
cuts  the  other  is  cut  harmonically  by  that  other. 

24.  The  six  centres  of  similitude  of  three  circles  lie  three  by  three 
on  four  st.  lines. 

25.  The  sides  AB,  BC,  CD,  DA  of  a  4-gon  touch  a  circle  at  E, 
F,    G,    H    respectively.      Show    that    AC,    BD,    EG    and    FH    are 
concurrent. 

26.  A  and  B  are  the  centres  of  two  circles  and  C  the  point  where 
their  radical  axis  cuts  AB.     Show  that   the  locus  of  the  centres  of 
circles    which  bisect  the   two  circumferences  is  a  st.    line  ||  to  the 
radical  axis  and  cutting  AB  at  D  so  that  AD  =  BC. 

27.  The  middle  points  of  the  diagonals  of  a  complete  4-gon  are 
collinear. 


A 

ABCDEF  is  a  complete  4-gon ;  L,  M,  N  the  middle  points  of  its 
diagonals. 

Draw  LHK  ||  AE,  KMG  ||  FB  and  join  GH. 

Prove  L,  M,  N  colliuear. 

28.  ABCD  is  a  4-gon  and  O  is  a  point  within  it  such  that 
A  AOB  +  A  COD  =  A  BOG  +  A  AOD ;  show  that  the  locus  of  O 
is  the  st.  line  joining  the  middle  points  of  the  diagonals  AC  and  BD. 
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29.  If  a  4-gon  be  circumscribed   about  a  circle,    the  centre  of  the 
circle  is  in  the  st.  line  joining  the  middle  points  of  the  diagonals. 

30.  G  is  any  point  in  the  base  BC  of  the  A  ABC  and  O  is  a  point 
within  the  A  such  that  A  AOB   +    A  COG  =  A  AOC   +  A  BOG  ; 
show  that  the  locus  of  O  is   the   st.    line   joining   the   middle   points 
of  BC  and  AG. 

31.  G   is   the   point   of  contact   of  the   inscribed   circle  of  A  ABC 
with  BC.     It  is  required  to  show  that   the  centre  of  the  circle  is  in 
the  st.  line  joining  the  middle  points  of  BC  and  AG. 


MISCELLANEOUS  EXERCISES. 
48.— Problems. 

1.  Draw  a   line-segment   terminated   in   the   circumferences  of   two 
given   circles,  equal   in   length   to   a   given   line-segment,    and  ||  to   a 
given  st.  line. 

2.  Through  a  given  point  on  the  circumference  of   a  circle  draw  a 
chord  which  shall  be  bisected  by  a  given  chord. 

3.  In  the  hypotenuse  of   a   rt.-Zd  A  find   a   point   such   that   the 
sum  of  the  _|_s  on  the  arms  of  the  rt.   Z  equals  a  given  line-segment. 
What  are  the  limits  to  the  length  of  the  given  line-segment. 

4.  In  the   hypotenuse  of  a   rt.  -  Z  d  A  find   a   point   such  that  the 
difference  of  the    _|_s  on  the  arms  of  the  rt.    Z    equals   a   given  line- 
segment. 

When  will  there  be  two,  one  or  no  solutions? 

5.  In  the  hypotenuse  of   a   rt.-Zd  A  find   a   point   such    that   the 
J_s  on  the  arms  of   the  rt.    Z   are  in  a  given  ratio. 

6.  Through  a  given  point  draw  a   line-segment   terminated   in   the 
circumferences  of  two  given  circles  and   divided   at   the   given   point 
in  a  given  ratio. 

7.  In  a  given  circle  inscribe  a  rectangle  having  its  perimeter  equal 
to  a  given   line-segment. 

8.  In   a   given   circle   inscribe    a    rectangle    having   the   difference 
between  adjacent  sides  equal  to  a  given  line-segment. 

9.  In   a   given   circle    inscribe    a    rectangle    having   its   sides   in   a 
given   ratio. 
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10.  In  a  circle  of  radius  5  cm.  inscribe  a  rectangle  having  its  area 
22  sq.  cm. 

11.  A   and  B   are   fixed   points   on   the   circumference   of   a  given 
circle.     Find    a    point    C    on    the   circumference   such   that   CA,    CB 
intercept  a  given  length  on  a  fixed  chord. 

12.  A  and  B  are  fixed  points  on  a  circumference.     Find  a  point  C 
on   the   circumference    such   that   CA,    CB   cut   a   fixed   diameter   at 
points  equally  distant  from  the  centre. 

13.  In  a  given  A  find  a  point  such  that  the   J_s  from  it  to  the 
sides  are  proportional  to  the  lengths  of  the  sides. 

14.  Two   towns   are    on    different    sides    of    a    straight    canal,    at 
unequal  distances  from  it,   and  not  opposite  to  each  other.     Where 
must  a  bridge  be  built   J_  to  the  direction  of  the  canal  so  that  the 
towns  may  be  equally  distant  from  the  bridge? 

15.  Divide  a  given  line-segment  into  two  parts  so  that  the  squares 
on  the  two  parts  are  in  the  ratio  of  two  given  line-segments. 

16.  Construct   the  locus   of   a   point   the   difference  of   the  squares 
of    whose    distances    from    two    points    3    inches    apart    is    5    square 
inches. 

17.  Two  points   A  and   B  are  four  inches    apart.     Construct  the 
locus  of  the  point  the  sum   of   the   squares   of   whose  distances  from 
A  and  B  is  20.5  square  inches. 

18.  Divide  a  given  line-segment  into  two  parts  such  that  the  sum 
of  the  squares  on  the   whole  line-segment  and   on  one  part  is  twice 
the  square  on  the  other  part. 

19.  Two  non-intersecting   circles   have   their  centres  at   A  and  B, 
and  C  is  a  point   in   AB.     Draw   a   circle   through   the   point   C  and 
coaxial  with  the  two  given  circles.     (Note : — Use  Ex.  22,  §  47. ) 

20.  Construct  a   A   having  one   side   and    two   medians    equal    to 
three  given  line-segments.     (Two  cases.) 

21.  Construct  a  A  having  the  three  medians  equal  to  three  given 
line-segments. 

22.  Given  the  vertical  Z ,  the  ratio  of  the  sides  containing  it,  and 
the  diameter  of  the  circumscribing  circle ;    construct  the  A- 

23.  Given  the  feet  of  the  J_s  drawn   from  the  vertices  of  a  A  to 
the  opposite  sides  ;  construct  the  A« 
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24.  Draw  a  circle  to   touch  a  given   circle,    and  also  to  touch  a 
given  st.  line  at  a  given  point. 

25.  Draw  a  circle  to  pass   through   two  given  points  and  touch  a 
given  circle. 

26.  Draw  a  circle   to  pass  through  a  given  point  and  touch  two 
given  intersecting  st.  lines. 

27.  A  and  B  are  two  fixed  points  without  a  given  circle.     Find  a 
point  P  on  the  circumference,  such  that  PA2  +  PB2  is  a  minimum. 

28.  AB  is  the  chord  of  a  given  segment  of  a  circle.     Find  a  point 
P  on  the  arc  such  that  AP  +  BP  is  a  maximum. 

29.  Find  a  point  0,  within  a  A  ABC  such  that : — 

(1)  A  AOB  :  A  BOG  :  A  COA  =   1:2:3; 

(2)  A  AOB  :  A  BOG  :  A  ^OA   =   I  :  m  :  n. 

30.  Find  a  point  such  that  its  distances  from  the  three  sides  of  a 
A  may  be  proportional  to  three  given  line-segments. 

31.  Through   a  given  point  within   a  circle  draw  a  chord  which 
shall  be  divided  in  a  given  ratio  at  the  given  point. 
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